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Abstract
We compute the mass and angular momenta of rotating anti-de Sitter spacetimes
in Einstein-Gauss-Bonnet theory of gravity using a superpotential derived from standard
Nœther identities. The calculation relies on the fact that the Einstein and Einstein-Gauss-
Bonnet vacuum equations are the same when linearized on maximally symmetric back-
grounds and uses the recently discovered D-dimensional Kerr-anti-de Sitter solutions to
Einstein’s equations.
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In [1] Gibbons, Lu, Page and Pope found D-dimensional Kerr-anti-de Sitter solutions
of Einstein’s equations in vacuo. In [2] Gibbons, Perry and Pope calculated the angular
momenta J(D)i of these rotating spacetimes using Komar’s integrals. They also obtained
the mass E(D) of rotating black holes using the first law of thermodynamics. In [3], the
mass of these rotating spacetimes was computed using the covariant Katz-Bicˇa´k-Lynden
Bell (KBL) superpotential [4], that is by means of classical Nœther identities. The results
confirm those of [2] and hold whether the source is a black hole or a “star” because they
do not depend on the actual source of curvature.(1)
In Einstein-Gauss-Bonnet (EGB) theory in 5 dimensions, the static spherically sym-
metric Schwarzschild-like solution was obtained in [5] and its mass was computed by various
methods, including the use of the KBL superpotential extended to the Einstein-Gauss-
Bonnet Lagrangian, see [6].
The rotating Kerr-like solution of the EGB equations is not known (apart from the
topologically special solution given in [7]). However, on one hand, the Einstein and
Einstein-Gauss-Bonnet vacuum equations are the same when linearized on a maximally
symmetric background (see [5] and below) : hence the D-dimensional Kerr-anti-de Sit-
ter solutions to the Einstein field equations found in [1] are also asymptotic solutions to
the Einstein-Gauss-Bonnet equations. On the second hand, only the asymptotic form of
the metric is required to define and compute the mass and angular momenta of a given
spacetime when using superpotentials derived from Nœther identities.
The object of this Note is to use these two remarks to compute the mass and angular
momenta of Kerr-AdS spacetimes in EGB theory by means of the KBL superpotential
proposed in [6].
The Einstein-Gauss-Bonnet Lagrangian can be written as (see e.g. [6])
L ≡ −2Λ +R+ αRµνρσPµνρσ
with Pµνρσ ≡ Rµνρσ − 2(Rµ[ρgσ]ν −Rν[ρgσ]µ) +Rgµ[ρgσ]ν
(1)
where Λ is a (negative) cosmological constant, α a coupling constant which is zero in
Einstein’s theory, and Rµνρσ, Rµν and R the Riemann tensor, Ricci tensor and curvature
scalar of the metric gµν . Brackets stand for anti-symmetrization : f[µν] ≡ 12 (fµν − fνµ).
The equations of motion derived from that Lagrangian are
Rµν + 2αR
µλρσPνλρσ − 1
2
δµν L = 0 . (2)
We linearize them, that is, we set
gµν = gµν + hµν +O(h2) . (3)
(1) In the second version of their paper, Gibbons Perry and Pope showed that the mass can
also be obtained using the classical Ashtekar-Magnon-Das conformal boundary formula.
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We choose the background gµν to be the metric of a maximally symmetric spacetime M
solving the field equations (2). Since they are quadratic in the Riemann tensor there are
two solutions, defined by
Rµνρσ = − 1L2 (gµρgνσ − gµσgνρ) where
1
L2 ≡
1
2α˜
(
1±
√
1− 4α˜
l2
)
(4)
with α˜ ≡ (D − 3)(D − 4)α and l2 ≡ − (D−1)(D−2)2Λ , D being the dimension of spacetime.
We shall choose the lower sign for L2 so that the limit when α = 0 solves the Einstein
equations. (When Λ and α are such that
√
1− 4α˜/l2 = 0 the two roots coalesce into a
single double root.) It is an exercise to show that at linear order the field equations (2)
read (a result already obtained in [5] for Λ = 0)
√
1− 4α˜
l2
[
Rµν −
1
2
δµν R+ δ
µ
ν Λ
l2
L2
]
= O(h2) (5)
where (∇µ being the covariant derivative associated to gµν)
Rµν = −
(D − 1)
L2 (δ
µ
ν − hµν ) +
1
2
[
∇α(∇νhαµ +∇µhαν −∇
α
hµν )−∇
µ∇νhρρ
]
+O(h2) (6)
is the linearized Ricci tensor onM. Hence the linearized Einstein-Gauss-Bonnet equations
are the same as the linearized pure Einstein equations with effective cosmological constant
Λe ≡ Λ l
2
L2
, and up to the overall factor
√
1− 4α˜/l2 that we shall assume not to be zero.
The general D-dimensional Kerr-AdS metrics solutions to Einstein’s equations found in
[1] therefore also solve the EGB equations at linear order. As an example, the 5-dimensional
Einstein-Kerr-AdS metric reads, in Kerr-Schild ellipsoidal coordinates xµ = (t, r, θ, φ, ψ)
[1] :
ds2 = ds2 +
2m
U
(hµdx
µ)2 (7)
with ds2 the AdS line element ofM :
ds2 = −(1 + r
2/L2)∆θ
ΞaΞb
dt2 +
r2ρ2
(1 + r2/L2)(r2 + a2)(r2 + b2)dr
2 +
ρ2
∆θ
dθ2+
+
r2 + a2
Ξa
sin2 θ dφ2 +
r2 + b2
Ξb
cos2 θ dψ2
(8)
where ∆θ ≡ Ξa cos2 θ + Ξb sin2 θ, where ρ2 ≡ r2 + L2(1 −∆θ), and where Ξa and Ξb are
related to the rotation parameters a and b by Ξa ≡ 1− a2/L2, Ξb ≡ 1− b2/L2. As for the
function U and the null vector hµ they are given by U = ρ
2 and
hµdx
µ =
∆θ
ΞaΞb
dt+
r2ρ2
(1 + r2/L2)(r2 + a2)(r2 + b2) dr +
a sin2 θ
Ξa
dφ+
b cos2 θ
Ξb
dψ . (9)
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Note that the full Ricci tensor of the Kerr-Schild metric (7-9) is linear in hµν =
2m
U hµhν
and hence exactly given by (6) [1]. Note also [1] that the metric (7-9) tends for large r to
the AdS metric in static (non rotating) coordinates.
There are various ways to associate conserved charges to the EGB Lagrangian (see
e.g. [6] for a short review). We shall use here the superpotential J [µν] proposed in [6]
which is defined as
Jˆ [µν] ≡ Jˆ [µν]E + α Jˆ [µν]GB (10)
where a hat means multiplication by
√−g, with g = g the determinant of the metric (7-9).
The Einstein contribution Jˆ
[µν]
E is given by, see [4]
−8piJˆ [µν]E ≡ D[µξˆν] −D[µξˆν] + ξˆ[µkν]E
with kνE ≡ gνρ∆σρσ − gρσ∆νρσ and ∆µνρ ≡ Γµνρ − Γµνρ (11)
where Γµνρ are the Christoffel symbols of metric (7-9) and where an overline means that
the quantity is evaluated on the AdS spacetimeM (that is, by setting m = 0 in (7)). The
following proposal for the Gauss-Bonnet contribution Jˆ
[µν]
GB was put forward in [6] :
−8piJˆ [µν]GB ≡ 2
[
PµναβD[αξˆβ] − PµναβD[αξˆβ]
]
+ ξˆ[µk
ν]
GB (12)
with kνGB ≡ 4
(
P ναβγ −Qναβ γ
)
∆γαβ
where the tensor Pµνρσ is defined in (1) and where Qµνρσ ≡ 2(Rρ[µgν]σ+Rσ[µgν]ρ). When
the vector ξµ is the Killing vector associated with time translations with respect to a non
rotating frame at infinity, that is ξµ = (1, 0, 0, 0, 0), the associated conserved charge is the
mass
M =
∫
S
dD−2xJˆ [01] (13)
where S is the (D − 2)-sphere at infinity. If the vector ξµ is the Killing vector associated
with rotations with respect to the φ (resp. ψ) axis, that is ξµa = (0, 0, 0, 1, 0) (resp.
ξµb = (0, 0, 0, 0, 1)), then the associated charges are the angular momenta.
To obtain the mass and angular momenta of the 5D-Kerr-like solution of EGB theory
we inserted the metric (7-9) in the definitions (10-13) and took the large r limit (using
Maple and GR tensor). The result is
M(5) =
√
1− 4α˜
l2
[
mpi
4(ΞaΞb)2
(2Ξa + 2Ξb − ΞaΞb)
]
, J(5)a =
√
1− 4α˜
l2
[
pima
2Ξ2aΞb
]
. (14)
We calculated similarly the mass and angular momentum in D = 6, 7, 8 dimensions in the
case when there is only one non zero rotation parameter. The result is
MD =
√
1− 4α˜
l2
mVD−2
4piΞ2a
[
1 +
(D − 4)
2
Ξa
]
, JD =
√
1− 4α˜
l2
maVD−2
4piΞ2a
(15)
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where VD−2 is the volume of the (D − 2)-unit sphere. Finally, if one extrapolates to all
dimensions the asymptotic expressions for the Kerr-AdS Riemann tensor obtained with
Maple and GR tensor in D = 5, 6, 7, 8 dimensions,(2) one finds (by hand) the mass and an-
gular momenta of the general D-dimensional Kerr-like solutions of Einstein-Gauss-Bonnet
theory as
M2n =
√
1− 4α˜
l2
[
mV2n−2
4piΞ
i=n−1∑
i=1
1
Ξi
]
, M2n+1 =
√
1− 4α˜
l2
[
mV2n−1
4piΞ
(
i=n∑
i=1
1
Ξi
− 1
2
)]
J(D)i =
√
1− 4α˜
l2
[
mVD−2
4piΞ
ai
Ξi
]
. (16)
Note that neither the background nor the vectors kµE and k
µ
GB enter the calculation of
the angular momenta. However they are not given simply by Komar’s integrals because
the first term in (12) is not zero. Expressions (14-16) have the right limits. When α = 0
(Einstein’s theory) they reduce to the results obtained in [2] and [3]. When there is no
rotation (ai = 0,Ξi = 1) the masses (16) reduce to the result obtained in [8] and [6] (noting
that the coefficients of the metric (7) then tend to gtt ≃ 1/grr ≃ r2/L2 − 2m/rD−3).(3)
The decisive check of formulae (14-16), that is of the pertinence of the proposal (12)
made in [6] for the vector kµGB, will be possible when the full geometry of the Kerr-
like rotating black holes is known, by seeing if, with such definitions, the first law of
thermodynamics is still satisfied.
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